The simplest single-photon entanglement is the entanglement of the vacuum state and the singlephoton state between two path modes. The verification of the existence of single-photon entanglement has attracted extensive research interests. Here, based on the construction of Bell's inequality in wave space, we propose a new method to verify single photon entanglement. Meanwhile, we define the wave state in two-dimensional space relative to the photon number state, and propose a method to measure it. Strong violation of Bell inequality based on joint measurement of wave states indicates the existence of single photon entanglement with certainty. Wave state entanglement obtained from Fourier transform of single photon entanglement and the corresponding measurement protocols will provide us with more information-carrying schemes in the field of quantum information. The difference in the representation in photon-number space and wave space implies the wave-particle duality of single photon entanglement.
I. INTRODUCTION
It is generally believed that the number of particles in the system where quantum entanglement occurs is greater than or equal to 2 [1, 2] . These particles entangled at some specified degrees of freedom, and there is a strong non-local quantum correlation between them which can not be reproduced by any classical correlation, like the violation different kinds of Bell's inequalities [2] [3] [4] [5] . However, there are some similarities between the nonlocality of quantum entanglement and that of wave function, such as the equivalence between the measurementinduced wave function collapse and the non-signaling theory of an entangled two-part system. Multi-particle entanglement systems sometimes exhibit single-particle behavior, such as the uncertainty relationship of quantum correlations of an EPR-like two-photon state [6, 7] . Conversely, a single particle can also exhibit entanglement characteristics in some situations [8] .
It is found that when a quantum particle is incident on a beam splitter, the delocalized quantum state after the beam splitter can be formulated as the entangled state between the vacuum state and the single-particle state [8] [9] [10] . It is an entanglement of particle nature in Fock space. This novel quantum state has attracted anormous attention, not only because of its unique physical properties, but also due to its potential role in the field of quantum information [11] [12] [13] [14] [15] [16] [17] [18] [19] . The most widely used ways to test single-photon entanglement is based on homodyne detection, through which the density matrix and quantum correlated Wigner distributions have be constructed to establish different types of Bell's inequality [20] [21] [22] [23] [24] [25] [26] [27] . It should be noted that the conventional Bell's inequality, * zhaosm@njupt.edu.cn a convincing way to test quantum correlation in one specific base, is formed by measuring the joint probability in its conjugate space [5, 28] . Thus the single-particle entanglement provides a good platform for studying waveparticle duality of a quantum particle.
In this paper, we present a theoretical study on singlephoton entanglement by Bell's inequality construction via its wave-behavior measurement. It is a two dimensional entanglement, where the bases in Fock space are vacuum state and single photon state, respectively. In contrast to particle-number state, the wave state is defined which is a coherent superposition between the vacuum state and the single-photon state. The wave state detection is accomplished by interference with another reference wave state, the wave behavior can be detected by continuously changing their relative phase difference. The joint probability is obtained by the wave-state measurement by two far separated parts, called Alice and Bob, where the reference wave state is replaced by a weak coherent state. Finally, the violation of the Bell's inequality is tested based on joint wave state measurement.
II. THEORY
The generation of single-photon entanglement and the wave state measurement is illustrated in Fig. 1 . A photon is incident on the first beam splitter, the two output modes A and B are entangled in Fock space
where |0 and |1 represent vacuum state and singlephoton state, e iφ is the accumulated phase difference between the two arms which may be caused by halfwave loss due to reflection or different propagation path Single-photon entanglement is generated by injecting a photon into a beam splitter, in which the path modes A and B are entangled in Fock space between vacuum state and singlephoton state. Joint probability distribution in wave space is obtained by interfering the reference weak coherent states with the wave states by Alice and Bob.
lengths, e iϕ is the global phase which is always omitted. It is known that the degree of entanglement is invariable through a Fourier (unitary) transformation, and the entanglement has inverse forms in conjugate spaces.
Through two-dimensional Fourier transformation, the expression of the above single-photon entanglement in wave space is
where the subscript w means wave state, α is an arbitrary real number in the range of 0 to π, the two orthogonal bases in the wave space can be expressed as
In wave space, we use the phase value α to characterize a wave state. Now it is can be seen that Eqs. (2) is a diagonal form of single-photon entanglement in wave space in which the quantum correlation between the modes of Alice and Bob has a inverse form compared with that in Eqs.
(1). This is a general feature of quantum correlation in conjugate spaces [6, 28] . The particle behavior of a single-photon state is revealed by the firing of the single-photon detector, while the wave behavior of the wave state is manifested as the interference fringes when varying the phase difference between the two interference arms. Here, we put forward a method to detect the wave state by interfering it with a reference wave state, which is very similar to the quarture measurement in homodyne detection. As shown in Fig. 2 , the overlapping of the wave state |α a w with a reference wave state |β b w on a beam splitter is From Eqs. (4), we can see that the photon state behind the beam splitter consists of four parts. The first part is the vacuum state with a probability of p (0) = 1 4 ; the second and the third parts are responsible for the wave behavior in which only one photon is detected in the c and d ports, and the probability for these two parts are p (1 c ,
, respectively; the last part is attributed to two-photon interference which is insensitive to the phase difference. By varying the relative phase difference between the wave state and the reference state, an interference fringe can be detected, so the state has wave behavior. The fourth part of detection comes from two-photon interference, which is a kind of particle behavior interference and can be regarded as background noise.
The detection probability for a wave state |β w depends on the phase difference between reference wave state |α w and detection wave state |β w . As for the c-port, by fixing the value of α, for β = α + π 2 , the detection probability of the wave state |β w is 1 2 , and for β = α − π 2 , the detection probability of the wave state |β w is 0. However, the detection on port d is completely opposite. Here you may wonder why the maximum probability of successful detection of a wave state is only 1 2 . This is because a successful detection of a quantum state depends on the response of the single-photon detector, which is actually a projection measurement in Fock space. According to the definition of the wave state in Eqs. (3), its detection probability on a single-photon detector is 1 2 , which can explain that the range of detection probability of wave state is 0 to 0.5.
However, such wave state does not exist in nature, nor is there any report about the generation of the wave states. Actually, it is not easy to generate a coherent superposition of vacuum state and single-particle state directly. The state that mostly resembles a wave state is the weak coherent (WC) state which is generated by attenuating the intensity of a laser beam to well below that of a single photon. In this case, the WC state in the Fock representation can be written as
where the subscript c represents coherent state, γ is a positive real number, |γ| 2 is the average photon number in the coherent state, ϕ is the phase carried by the state. If the condition |γ| 2 ≪ 1 is satisfied, the weak coherent state can be approximated as
In the power series expansion of the WC state in Fock space, only the vacuum state and the single-photon state is retained, all the high order infinitesimal terms are represented by O (γ) |n ≥ 2 . Interference between two wave states approximated by WC states is the most fundamental physics in phase-matching quantum key distribution [29, 30] . Equipped with the technique of wave state detection given above, we derive the joint probability distribution through the use of wave state measurement for single- 
Here we mainly focus on the quantum correlation between A and B, so only the coincidence counts between them are considered. According to Eqs. (4), a part of the counting in the wave state detection comes from twophoton interference, which is insensitive to phase difference. By setting α ′ = α + π 2 and β ′ = β + π 2 , the joint probabilities between wave states detected at the four single-photon detectors can be approximated to
From Eqs. (8), we can see that the joint probabilities contain two parts. The first part comes from the phase-sensitive interference, which represents the wavelike correlation between Alice and Bob. The second part can be viewed as a phase-insensitive interference, which represents the particle-like correlation between Alice and Bob. For the weak coherent state as the reference wave state under the condition of |γ| 2 ≪ 1, the second part of the coincidence count can be ignored. In Eqs. (8), the phase φ arises from the optical path difference between two photon state modes A and B propagating from the light source to Alice and Bob, where its value can be considered as fixed. The coincidence counts between the single-photon detectors owned by Alice and Bob is a cosine function with respect to the phase difference of the wave states between them. Also the visibility of the joint probability curve reaches the maximum value of 1 under the condition that the average photon number of the WC state γ 2 is far below than 1. Thus the derivation of joint probability in wave space gives the wave-particle duality in one-photon entanglement accurately from another aspect.
By removing the single-photon counts that do not contribute to the coincidence counts, from Eqs. (8), it is can be seen that the count rate of each single-photon detector, which is the marginal probability of p (A i , B j ) with i, j = 1, 2, is equal to a constant
Thus it is can be seen that the correlation between the wave state measurements of the far separated two parts can be described as first order coherence, a common feature of quantum correlation with maximum entanglement. The completely different behaviors between the single count rate and the coincidence count rate also demonstrate the quantum nonlocality of a single photon state.
To give a conclusive conjugation between wave behavior and particle behavior, we need to verify the existence of single photon entanglement of particle behavior by using the joint probability derived from wave space. To rule out possibility that measurement results can instead be explained by local hidden variable (LHV) theories, a violation of the Bell's inequality based on the joint probability in Eqs. (9) should be tested. The most commonly used CHSH-type Bell's inequality for two-dimensional entanglement can be written as [4, 31] S =|E (α
Here P (A i , B j ) is the normalized joint probability
where the subscripts i, j, m, n represent the indices of the single-photon detectors. If we assume the phase difference between the modes distributed to Alice and Bob φ = 0, by setting α
, a result of S = 2 √ 2 can be obtained. The violation of Bell's inequality in Eqs. (8) demonstrate not only the existence of delocalized single-photon entanglement but also the wave-particle duality in single-photon entanglement.
III. DISCUSSION AND CONCLUSION
Now, we would like to point out the difference between the methods of testing Bell's inequality, like phase correlation [20] , Wigner distribution correlation [21, 24] , quadrature correlation [23, 25] and wave state correlation in our paper. The similarity of these methods is that single-photon quantum correlation is detected by interfering the path modes with local coherent states. Here we only focus on the different manifestations of quantum correlation, regardless of the specific forms of Bell inequality in different methods. Because wave states are obtained by the Fourier transform of the particle states characterized by the phase gradient, thus the quantum correlation between far separated wave states can be well exhibited by the quantum correlation between the phases of two local oscillators [20] . In fact, this phenomenon can not be interpreted as the quantum correlation between the phases of the two far separated local oscillators, as they are independent of each other. It is the quantum correlation between the wave states that leads to this novel phenomenon. The phase measurement of local oscillator can also be represented by quadrature measurement of electromagnetic field in homodyne detection [32] , thus another representation of phase correlation can also be represented by quadrature correlation [23] . Furthermore, the Wigner distribution of a quantum state can be measured by the quadrature measurement of a homodyne detection [33] [34] [35] [36] [37] [38] , thus the quadrature correlation will lead to the Wigner distribution correlation as well as correlation of the density of states [21] . The difference between these methods lie in that entanglement is carried by different types of carriers. Through wave state measurement proposed in this paper, we can better understand the relationship between wave entanglement and particle entanglement in a single photon entanglement.
Next, we also want to give a simple discussion about the wave-particle duality in single-photon entanglement. Bohr's complementary principle states that a full description of a quantum entity should take into account of both the wave-behavior and the particle-behavior, i.e. the wave-particle duality. The particle behavior and wavebehavior can be selectively present depending on the experimental configuration [39, 40] . The simplest illustration of a photon is the photoelectric effect where electrons emit from the host material hit with a light beam with enough frequency. The most direct application based on this attribute is the single-photon detector, a basic element in the field of quantum information. The particle behavior is always discussed in the Fock space, i.e. the particle number space within which the quantum states are called particle number states. The wave-behavior can be evidenced in the Young-type double-slit experiments where the distribution of the detection probability for a single-photon form an interference fringe [41] [42] [43] . In our work, however, wave and particle have more specific meanings. They are a pair of conjugated observable quantities. This is reflected in the fact that single-photon entanglement can be described in both particle-state and wave-state. Therefore, their eigen-projection measurements are incompatible with each other. It also conforms to the complementary principle that the particlebehavior and wave-behavior can not be detected at the same time. At this point, our results point out the equivalence between complementarity principle and Heisenberg uncertainty principle.
In summary, we have proposed a method to demonstrate the existence of a delocalized single-photon entanglement by constructing the CHSH-type Bell's inequality based on joint measurement of wave states. By Fourier transform, the entanglement of single photon in Fock space is transformed into the wave space, which has the opposite diagonalization form. Our results show that the entanglement is not only restricted to multi-particle systems and the carrier of the entanglement is not necessarily a single particle. The Bell's inequality violation of single-photon entanglement points out the intrinsic relationship between the nonlocality of wave function and that of quantum entanglement. The introduction of wave state adds a new degree of freedom to the quantum system, which can be used as a new information carrier in the field of quantum information. The definition and de-tection method of a wave state presented in this paper can be extended to arbitrary quantum single particle systems.
